An approximate analytic description of a diffusion coefficient, including the effect of adiabatic focusing, has been developed. This description is formulated with the aid of stochastic differential equations and the steady perturbation solution of the Fokker-Plank transport equation. The analytical formula is based on three important assumptions. First, the pitch-angle diffusion coefficient is set to be separable from the spatial coordinate and the pitch-angle cosine. Second, the spatial dependence of the ratio between the mean-free path and focusing length is assumed to be weak. Third, the pitch-angle distribution relaxes quickly to a steady state. The new analytic formula could be applied to calculate the spatial diffusion coefficient in the interplanetary and interstellar space.
INTRODUCTION
The propagation of energetic charged particles is controlled by the interplanetary magnetic field (IMF), which shows a random magnetic field superposed upon a mean component. The pitch angle of particles would be scattered by small-scale magnetic irregularities, which are comparable to the gyroradius of energetic particles. As a result, the diffusive transport is the result of random pitch-angle scattering. When particles propagate primarily along the magnetic field, the time evolution of the omnidirectional particle distribution F z t , ( ) is governed by a one-dimension diffusion equation where B is the magnitude of the large-scale magnetic field, z is the distance parallel to B, and k  is the parallel diffusion coefficient. This diffusion equation holds if scattering is frequent enough, so that the velocity distribution is isotropic. As shown in Equation (1), for a non-uniform magnetic field configuration, the particle distribution is affected not only by pitch-angle diffusion but also by adiabatic focusing. A focusing length L, which represents the spatial variation of mean magnetic field lines, is defined by
In response to the requirements of the practical interplanetary space conditions and the anisotropy of particles, the propagation of solar energetic particles (SEPs) can be described by a Fokker-Plank equation (Roelof 1969) , in which pitch-angle diffusion and adiabatic focusing are taken into account. Furthermore, analytical approximations to Fokker-Planck equation are investigated (Earl 1981; Beeck & Wibberenz 1986; Kóta 2000; Shalchi 2011; Litvinenko 2012a Litvinenko , 2012b He & Schlickeiser 2014) . Theoretically, the Fokker-Plank equation is equivalent to a set of stochastic differential equations (SDEs). As a result, the SDEs have been widely used to study the transport process of SEPs instead of directly solving the Fokker-Planck equation (Zhang 1999; Qin et al. 2006 Qin et al. , 2013 Dröge et al. 2010; He et al. 2011; Dresing et al. 2012; Wang et al. 2012) . Recently, SDEs have been used to analyze the diffusion transport of SEPs in the presence of adiabatic focusing (Litvinenko 2012a (Litvinenko , 2012b . In Litvinenko (2012a Litvinenko ( , 2012b , the SDEs are simplified by the Smoluchowski-Kramers approximation, and the diffusion approximation for SDEs are derived in a simple and convenient way. However, we noted that the focusing length L and the particle mean-free path considered in Litvinenko (2012a Litvinenko ( , 2012b are constant. The assumption of a constant focusing length L is also used by many other authors (e.g., Beeck & Wibberenz 1986; Kóta 2000; Shalchi 2011; He & Schlickeiser 2014) . A constant focusing length L implied that the mean magnetic field B 0 decreases as -z L exp(
). This assumption deviates significantly from the interplanetary field. Even for a simple radial direction field with a magnitude proportional to -r 2 , where r is the solar distance, L is varying as the form = L r 2. At the same time, the particle mean-free path could also change with the radial distance. As a result, an improved theory that incorporates spatial variations of focusing length and mean-free path is needed to study the SEPs in interplanetary space. In this paper, we obtain a systematic derivation of the diffusion coefficient in response to such practical needs.
THE FOKKER-PLANCK EQUATION
The Fokker-Planck equation for SEP propagation including effects of adiabatic focusing and pitch-angle diffusion can be written as (Roelof 1969) 
) is the distribution function in the solar wind frame, z is the distance parallel to the mean magnetic field, μ is the cosine of pitch angle, v is particle speed, t is time, mm D is the pitch-angle diffusion coefficient, and L, defined in Equation (2), is the adiabatic focusing length of particles in a non-uniform mean magnetic field. Note that L is a function of z, in general, and f 0 is the gyro-phase-averaged distribution function.
The pitch-angle diffusion coefficient in an analytic form can be written as (Earl1981)
Here l z 0 ( ) is the mean-free path, which represents the particle moving back and forth along the field line, the power law q is related to the power spectrum of magnetic field fluctuations in the inertial range, and it is assumed to be in the range of  < q 1 2 in this paper. In Equation (4), the dependence of mm D upon μ can be deduced from a quasi-linear approach (Jokipii 1966; Hasselmann & Wibberenz 1968) . The pitchangle diffusion coefficient is set to be separable to z and μ. In more general formulas (see Schlickeiser 1989) , the μ dependence can be different, and mm D may not be separable. As pointed out by Kunstmann (1979) , when the ratio between mean-free path and focusing length l L 0 is independent of z, the transport Equation (3) has an analytical steady-state solution, which can be written as
STOCHASTIC DIFFERENTIAL EQAUTIONS
In order to use SDEs to solve the transport Equation
) ( ) can be introduced, so that the transport Equation (3) could be written as (Qin et al. 2005 )
Here the quantity g can be visualized as the number of particles per line of force per unit distance parallel to B. The corresponding time-forward Ito SDEs can be written as
where dW t ( ) is the Wiener process. The quantity g can be used to obtain the particle distribution f 0 with = f gB z
is a constant, the transport Equation (7) has an analytical steady-state solution
So far, the above analyses are exact.
APPROXIMATE TRANSPORT EQUATIONS
By integrating Equation (3) over μ, a flux equation is obtained (Earl 1981) :
This equation expresses the simple fact of conservation of flux. The transport Equation (3) can be written in another form (Earl 1981) :
) is the same function as Equation (6), except that the focusing length L and l 0 change with z, so that G is a function of z and μ. By multiplying Equation (12) by -G exp{ } and integrating over μ, the result is a weighted flux equation (Earl 1981) : 
The distribution function f 0 in Equation (3) was approximated by (Earl 1981 
while the components F 0 and H 1 are assumed to be weakly dependent upon z and t, and l L 0 is weakly dependent on z. By substituting Equation (16) into Equation (11) and Equation (13), two first-order transport Equations are obtained (Earl 1981) :
in which the normalization constant K and characteristic velocity V † are defined by
In terms of the pitch-angle diffusion coefficient, the function G is given by
For Equation (18), its steady-state solution takes the form
where c 1 is a constant. Similarly, the steady-state solution of Equation (17) takes the form
A steady-state perturbed solution of the transport Equation ( 
( ) † †
Here the density F 0 is a summation of the contribution of the spatial derivative of l L 0 . The integral over z in F 0 will produce a constant that can be determined by satisfying boundary conditions imposed at a finite value of z or at = ¥ z in a real physical process.
Above, we follow Earl (1981) to obtain the approximate static solution of the SEP transport Equation (3), which is valid when l L 0 changes with z slowly. We can define a characteristic length S to describe the spatial variation of l L
) returns the smaller values of l 0 and L. Then we further define a function,
which is used to derive the parallel diffusion coefficient k  with the diffusion approximation in the following section. Because m f z, ( ) is assumed to have a weak spatial variation, m M z, ( ) also has a weak spatial variation.
THE DIFFUSION APPROXIMATION
When the pitch-angle scattering time is much smaller than the characteristic evolution timescale of the particle distribution, the angular distribution quickly relaxes to the steady-state perturbed solution given by Equation (24). Therefore, it is possible to set m » d 0 in Equation (9), and the resulting equation can be used to calculate the spatial diffusion coefficient. This approach is the Smoluchowski-Kramers approximation (Gardiner 1985) . However, there is a singularity in m ¶ ¶ mm D at m = 0 with < < q 1 2 . As pointed out by Litvinenko (2012b) , the singularity can be removed by 
where the brackets denote the averaging over the function
The diffusion approximation is valid when strong pitch-angle scatterings cause the time-dependent angular distribution m g t z , , ( ) to be close to the steady distribution m M z, ( ). Equation (31) is approximately equivalent to the partial differential equation of F 1 , 
Equation (33) is consistent with Equation (1).
In the case of l  L 1 0 , the pitch-angle scattering is strong, so that the pitch-angle distribution can relax quickly to a steady state. In the case of l  L 1 0 , since the scattering due to the magnetic turbulence is weak, the assumption of rapid relaxation of the pitch-angle distribution to a steady state may not be valid. However, Litvinenko (2012b) has pointed out that the focusing length plays the role of an effective scattering meanfree path. Furthermore, a sensible result of the diffusion coefficient has been derived in the case of l  L 1 0 by using the Smoluchowski-Kramer approach in Litvinenko (2012b) . Therefore, the Smoluchowski-Kramer approach could also be applicable in the case of l
In this case, the diffusion equation, parallel diffusion coefficient, and coherent speed can be written as
respectively, which agree with the results in Beeck & Wibberenz (1986) and Litvinenko (2012b) . In a homogeneous magnetic field ( = ¥ L ), the relation of the spatial diffusion coefficient k  and the pitch-angle diffusion coefficient is
which is the same as that in Jokipii (1966) and Hasselmann & Wibberenz (1968) .
SUMMARY
This paper presents a diffusive approximation of the FokkerPlanck equation that includes pitch-angle diffusion and adiabatic focusing. The main techniques used in this work are the perturbation solution, the stochastic method, and the Smoluchowski-Kramers approximation. The perturbation solution of the Fokker-Planck transport equation used in this work was originally obtained by Earl (1981) and we use it to average the pitch angle of the distribution function. The stochastic method and Smoluchowski-Kramers approximation are used in Litvinenko (2012a Litvinenko ( , 2012b to calculate diffusion coefficients.
By reconstructing a new set of SDEs, this work generalizes the stochastic method to calculate the diffusion coefficient for the weak spatial dependence of the ratio between the mean-free path l 0 and the focusing length L. The analytical formula of the approximate diffusion coefficient derived in this work is based on three important assumptions. First, the pitch-angle diffusion coefficient is set to be separable to the spatial coordinate z and pitch-angle cosine μ. Second, l L 0 is weakly dependent upon spatial coordinate z. Third, the pitch-angle distribution relaxes quickly to a steady state.
According to a spiral interplanetary field, e.g., the Parker field, focusing length L increases with radial distance r from the Sun. Note that in the actual large-scale interplanetary field, the dependence of L on r would be more complicated than the Parker model. Former studies (e.g., Beeck & Wibberenz 1986; Kóta 2000; Shalchi 2011; Litvinenko 2012a Litvinenko , 2012b He & Schlickeiser 2014 ) usually assumed a constant focusing length L, which is significantly different from the interplanetary conditions. In addition, the particle mean-free path l 0 also changes with the radial distance. Our work allows both l 0 and L to vary in space independently, and presents a tool for computing diffusion coefficients with the adiabatic focusing length in interplanetary space and interstellar space. In the future, we can further compare our results with simulation results.
